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Abstract 

We develop a finite horizon continuous time market model, where risk averse in- 
vestors maximize utility from terminal wealth by dynamically investing in a risk-free 
money market account, a stock written on a default-free dividend process, and a de- 
faultable bond, whose prices are determined via equilibrium. We analyze the endoge- 
nous interaction arising between the stock and the defaultable bond via the interplay 
between equilibrium behavior of investors, risk preferences and cyclicality properties 
of the default intensity. We find that the equilibrium price of the stock experiences a 
jump at default, despite that the default event has no causal impact on the dividend 
process. We characterize the direction of the jump in terms of a relation between 
investor preferences and the cyclicality properties of the default intensity. Wc conduct 
a similar analysis for the market price of risk and for the investor wealth process, and 
determine how heterogeneity of preferences affects the exposure to default carried by 
different investors. 
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1 Introduction 



The default of a systemically important entity can have an impact on the rest of the econ- 
omy through a number of different mechanisms. For instance, firms that have exposures 
to the defaulted entity through market transactions, can experience a deterioration in 
fundamentals driving the value of their assets. Under adverse circumstances this can lead 
to a domino effect, where the default of one firm causes financial distress on entities with 
which the firm had business relations. This distress can propagate through the financial 
system causing a cascading failure, leading in the worst case to the collapse of a significant 
portion of the system (the recent credit crisis being a clear example). In the context of 



interbank lending, Giesecke and Weber (2006) propose a reduced form contagion model. 



while Amini et al. (2010) and Amini et al. (2011) use tools from random graph theory to 



analyze short term counterparty credit exposures. Dynamic contagion models are consid- 



ered in Dai Pra et al. (2009), and more recently in Cvitanic et al. (2010) and Giesecke 



et al. (2011) 



Alternatively, there may be a purely informational effect, where the default of one firm 
triggers the market participants to update their perception of the state of the economy. For 



example, Collin-Dufresne et al. (2003) show that the unexpected default of an individual 



firm can lead to a market-wide increase in credit spreads, and demonstrate via calibration 
that the risk premium due to contagion risk may be considerable. 

A third possibility is that the sudden shock associated with the default event leads to a re- 
allocation of wealth as the economy returns to equilibrium. This may in turn cause rapid 
price changes due to linkages that stem from the equality between supply and demand. The 
aim of the present paper is to study this mechanism in a continuous time financial model, 
including default risk, where prices are determined endogenously in equilibrium. 

While models of economic equilibrium have been studied for a long time, it is only re- 
cently that fully dynamic stochastic models of equilibrium have received significant at- 
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tention. Dumas (1988) considers a dynamic equilibrimn model with two investors, and 



characterizes the equihbrimxi behavior of the wealth allocation and risk-free rate, assuming 



that the stock returns are specified exogenously. Chabakauri (2010) considers a similar 



economy, but allows for the possibility of portfolio constraints, and analyzes cyclicality 



properties of market price of risk and stock return volatilities. Bhamra and Uppal (2009) 



consider a continuous time economy populated by two power utility agents with heteroge- 
nous beliefs and preferences, and give closed form expressions for consumption policies. 



portfolio policies, and asset prices. The same model as in Bhamra and Uppal (2009) is 



considered by Cvitanic et al. (2011) and Cvitanic and Malamud (2011a), who extend the 



results by Bhamra and Uppal to the case of an arbitrary number of agents, including 



an asymptotic analysis for large time horizons. Cvitanic and Malamud (2011b) provide 



decompositions into myopic and non-myopic components for market price of risk, stock 



volatility, and hedging strategies. In the same economic model, Wang ( 1996 ) studies how 
investor preferences affect the term structure of interest rates. 

The literature on dynamic equilibrium models, including the papers mentioned above, has 
been concerned primarily with models where equilibrium prices have continuous paths. 
This means that dramatic and sudden changes, such as crisis events or major defaults, 
are absent — and indeed these papers have focused on other economic phenomena. An 



exception is Hasler (2011 ), which considers a Lucas economy with multiple defaults, where 



the default intensities are constant. 

In the present paper we study a finite horizon continuous time model, where rational 
investors maximize utility from terminal wealth. Three securities are liquidly and dynam- 
ically traded: a money market represented by a locally risk-free security, i.e. investors 
can borrow from or lend to each other without default, a stock representing shares of 
the aggregate endowment, and a defaultable bond which represents the corporate bond 
index (for example, the Dow Jones corporate bond index). We assume a constant recovery 
model, in which case the default of the bond index is interpreted as the default of one (or 



3 



more) of the index bonds, which reduces the total payment of the index. The intensity of 
the defaultable bond may, but need not, depend on the dividend process. 

As we demonstrate in the present paper, introducing a defaultable security in the economy 
leads to new insights regarding the behavior of securities prices, market price of risk, and 
wealth allocation. For instance, we find that the equilibrium price of the stock typically 
jumps when default occurs, despite the fact that the underlying dividend process is entirely 
unaffected by the default event. Moreover, the direction of the jump (up or down) depends 
in a non-trivial way on the interplay between investor preferences and the cyclicality 
properties of the default intensity. In particular, we show that upward jumps in the stock 
price are possible if, roughly speaking, the default intensity is sufficiently counter-cyclical. 
The precise statement is given in Theorem [2j We also show that a similar analysis, with 
similar conclusions, can be carried out for the wealth processes of individual investors, see 
Section [5] In this connection, we investigate how heterogeneity of preferences affects the 
exposure to the default carried by the different investors. 

Due to the possibility of default, there are two sources of risk in our model: diffusion 
risk and jump risk. Using techniques from the theory of filtration expansions, which has 
a long and successful history in credit risk modeling, we are able to guarantee market 



completeness, even in the presence of jumps, see also Bielecki et al. (2006a) and Bielecki 



et al. (2006b) for a detailed analysis of market completeness and replication strategies in 
reduced form models of credit risk. This allows us to identify a unique market price of risk 
process, corresponding to diffusion risk, and default risk premium process, corresponding 
to jump risk. It turns out that the two quantities are intimately linked, see Proposition [2| 
By means of a quite delicate mathematical analysis, these quantities are studied in the 
case of constant interest rate and default intensity. 

The most natural interpretation of the phenomena we study is as a form of systemic risk, 
arising in an economy consisting of securities carrying both market and default risk. While 
systemic risk effects generated from equilibrium models have been studied, for instance 
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m 



Allen and Gale (2000) and Preixas et al. (2000), these papers use static discrete time 



models, exclusive of default, where the focus is on characterizing optimal risk sharing across 
banks with different credit profiles, or belonging to different geographical sectors. Differ- 
ently from most research efforts, our model exhibits an endogenous interaction between 
the stock and the defaultable bond, which arises via the interplay between equilibrium 
behavior of the investors and their risk preferences. 

The rest of the paper is organized as follows. Section [2] introduces the economic model. 
Section |3] analyzes the market price of risk in equilibrium along with its behavior at the 
default event. Section [4] characterizes the behavior of the equilibrium stock price at default 
via a relation between cyclicality properties of short rate and default intensity, and investor 
preferences. Section [5] performs a similar analysis for the wealth process of a risk- averse 
agent, and, in the case of a power utility investor, provides monotonicity relations between 
the size of the jump and the level of risk aversion. Section [6] concludes the paper. The 
proofs of the necessary lemmas are deferred to the appendix. 



2 The Model 

2.1 The Probabilistic Model 

Let (0,, T ^ P) be a complete probability space, supporting a standard Brownian motion B = 
{Bt)o<t<T- Let F = {Ft)o<t<T be the augmented filtration generated by B, which satisfies 
the usual hypotheses of completeness and right continuity. We use a standard construction 
(also called Cox construction) of the default time r, based on doubly stochastic point 
processes, using a given nonnegative F adapted intensity process A = {\t)o<t<T- To this 
end, we assume the existence of an exponentially distributed random variable x defined 
on the probability space (17,7^, P), independent of the process B. The default time r is 
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then defined as 



r = inf{t >0:[ Xsds > x}- 
Jo 



The market filtration G = {Gt)o<t<T, which describes the information available to in- 
vestors, is given by 

Gt = Va(r Au). 



u>t 



That is, it contains all information in J^t, together with the knowledge of whether r 
has occurred or not, and has been made right-continuous. It is a well-known result (see 



e.g. Bielecki and Rutkowski (2001), Section 6.5 for details) that the process 



f-tAT 

Mt = 1{T<t} - / Asds 
Jo 



is a G-martingale under P. In other words, A is the default intensity (or hazard rate) 
of r. 

An important consequence of the previous construction is that Hypothesis (H) holds, 
i.e. every F martingale remains a G martingale, see [Bielecki and Rutkowski ( |2001 ). It 
then follows from a result by Kusuoka (Theorem [s] in Appendix |A]) that every square 
integrable G martingale may be represented as a stochastic integral with respect to M 
and B. 



2.2 The market model 



We consider a market model, which is an extension of the standard setting in Cvitanic and 



Malamud (2010). We assume that there is an underlying dividend process D = {Dt)o<t<T 



with dynamics 



^ = ^l''{Dt)dt + a''{Dt)dBt, Do > 0. 
Dt 



(1) 



It is assumed that fi^ : — t- M and : M-|- — t- are such that a strictly positive, strong 
solution exists. We also assume that /i^ and are infinitely differentiable on (0, oo). 
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and that > 0. 

There are two risky assets in the economy, a stock which carries market risk, and a 
defaultable bond which carries default risk. At terminal time T, the stock pays a terminal 
dividend Dt, while the defaultable bond pays a terminal dividend Pt- The latter is given 
by 

Pt = l{T>r} + '^1{t<t}- 

Here < e < 1 is a constant recovery value paid at time T in case default happens at or 
before T. We assume that e is deterministic, although many calculations would still be 
valid as long as e is J^^^-measurable. Neither the stock, nor the defaultable bond generates 
any intermediate dividends. We also assume the existence of a locally risk free money- 
market account with interest rate r = {rt)o<t<T- Finally, we assume that the default 
intensity At and interest rate rt are of the form 



\t = A(A) and rt = r{Dt) 
for deterministic functions A and r. The same assumption has also been used by |Cvitanic 



and Malamud (2010) for the interest rate. 



In our model, both the stock and the defaultable bond are positive net supply assets. 
In contrast, the zero money-market account is assumed to be available in zero net sup- 
ply- 

The market price at time t of the stock is denoted by 5t, and that of the defaultable 
bond by Pt- These processes are determined in equilibrium, and their dynamics is of the 
form 



dS 

— ^ = /xf + a^dBt + pfdMt 
Jt- 

^ = fifdt + afdBt + pfdMt. 
Pt- 
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The existence of such representations follows from Theorem[5]together with the fact that in 
equilibrium, both St and Pt are semimartingales with absolutely continuous finite variation 
parts. Furthermore, we conjecture that the matrix 



Pt 

p p 
Pt 



will be invertible in equilibrium. This immediately implies that the market is complete. 



via application of Theorem [5| It is then well known, see e.g. Cvitanic and Zapatero (2004), 
that there exists a unique state-price density process 

i = i^t)o<t<T- 

The time t price of a payoff X received at time T is given by ^E[^xX | Qt\. 
2.3 The investors 



There are a finite number of investors, indexed by k, who optimize expected utility from 
final consumption. They are all assumed to have identical beliefs given by the histori- 
cal probability P, but can have different utility functions Uk- These are assumed to be 
twice continuously differentiable, strictly concave, and satisfy Inada conditions at zero and 
infinity: 

limC/^(x) = oo and lim Ul{x) = 0. 

x\.0 x-s>oo 

Two important measures of risk aversion, which will be used extensively in this paper, are 



the coefficients of absolute and relative risk aversion, both defined in Pratt (1964). The 
coefficient of absolute risk aversion is defined as 
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Pratt related this measure to the agent's risk behavior by showing that an agent with utihty 
U{x) is more risk averse than an agent with utihty V{x) if and only if iu{x) > ivix) for 
all a; > 0. The coefficient of relative risk aversion is defined as 



dlogU'jx) xU"{x) 

Lu{x) = — = — . (3) 

dlogx U'[x) 



The fc:th investor chooses a dynamic portfolio strategy vr/c = {'^kt^'^kt)o<t<T, a G pre- 
dictable and {S, i-*)-integrable process, where vr^^ is the proportion of wealth invested in 
the stock at time t, and 7r|^ is the proportion of wealth invested in the defaultable bond. 
The remaining wealth is invested in the money market account to make the strategy self- 
financing. The investor must choose his strategy so that the corresponding wealth process, 
given by 



ndt + vr^, - rtdt )+<t[j^- ndt) , (4) 

stays strictly positive for < t < T. The portfolio strategy vr^ is chosen to maximize the 
expected utility 

E[Uk{WkT)]. 



Market completeness allows one to use standard duality methods (see Cvitanic and Mala- 



mud (2010)) to show that the optimal final wealth in equilibrium is given by 

WkT = lk{yk^T), (5) 

where the number yk is the solution to the budget constraint equation. 

Moreover, the wealth at times t < T is given by 

El^rWkT \Gt\ 



2.4 The equilibrium 



We employ the usual notion of equilibrium: 

Definition 1 The market is said to be in equilibrium if each investor behaves optimally 
and all the securities markets clear. 



Again by market completeness, standard equilibrium theory, see Constantinides (1982), 



shows that security prices coincide with those in an artificial economy populated by a 
single, representative investor. We denote the corresponding utility function by U, and 
assume that U is twice continuously differentiable, strictly concave, and satisfies Inada 
conditions at zero and infinity. The state-price density is then given by 



= U'{Dt + Pt)- 



(7) 



Furthermore, 



where Z is the Radon-Nikodym density process corresponding to the (unique) risk-neutral 
measure O, 



Zt 



Gt 



E 



Using Equation ([T]), the definition of Dt and Pt, and Lemma [4] in Appendix |A| we can 
separate the state price density into a pre- and post-default component. More precisely, 
we have 

« - l{r>t}?t + l{r<t}?t , 
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where 



(8) 



Remark. Assume that the intensity At is deterministic and, for simphcity, that rt = 0. 
We then have 

^f™ = P(r < T\t > t)E[U'{DT + e) \ J^t] + IP(r > T\t > t)E[U'{DT + 1) | Tt], 



indicating that the pre-default state price density is the weighted average of the state price 
density in an economy where default will surely happen, and the state price density in a 
default-free economy. The weights are, respectively, the probability that default will, or 
will not, take place before T, given that it has not occurred up to time t. 

The equilibrium market price processes are computed using the state price density ^t. 
They are given by 



St 
Pt 



E[^tDt I Gt. 
mrPr I Gt] 



(9) 



Therefore, again relying on Lemma |4] in Appendix [Aj we obtain 



St — l{r>t}5't"''^ + l{T<t}St°^^ , 



(10) 
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where 



gpost 



gpre 



/-post 



E 



DtU'{Dt + e) 



/-pre 



E 



{l - e--^t^'ds\^ DtU'{Dt + e) + e' -^t DtU' {Dt + 1) 



:Ft 



(11) 



3 Equilibrium market price of risk 

In this section we derive expressions for the market price of (diffusion and default) risk, as 
well as the risk premium of the stock. The risk premium is defined as the excess growth 
rate of the asset above the risk- free rate, namely /if — rj. 

By Theorem [5] the density process Z associated with the risk-neutral measure has the 
representation 

= -9tdBt + KtdMt 

for some G predictable processes and k. An application of Girsanov's theorem shows 
that 

rt rthr 

= Bt+ 9sds and Aff = Mt - KsXsds 
Jo Jo 

are (G, Q) local martingales, and in particular is (G, Q) Brownian motion. Note that 

we can write 

M? = hr<t}- Xs{l + Ks)ds, 

Jo 

so that the risk-neutral default intensity is given by = Xt{l + Kt). The quantity Kt 
is called the default risk premium, and 9t is called the market price of risk. We fix this 
notation from now on. 
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Proposition 1 The market price of risk is given by 



Q _ nPre-i , oPost-, 



where —QP'^^ is the volatility of and —QP"'^'- is the volatility of ^p"''*. The default risk 
premium is given by 



j-post 

= k 1 

St 



pre 



The risk premium associated with the stock, or the equity risk premium, is given by 



(gpost \ / ppost \ 
-jpre-A \ %fe-A hl{ 



Proof. The assertions concerning 9 and k follow from Lemma [5] and the definition of 9t 
and Kt, since = e~ ^"'^^Zt- Let us establish the expression for the risk premium. The 
relations between B and B'^, respectively M and M^, together with the P-dynamics of 
the stock price yield 

^ = [/if - a^Ot + /,f KAa{.>t}] dt + afdBf + pfdM^. 

The drift term equals rtdt since the discounted stock price is a martingale under Q. The 
proof follows by substituting the expressions for Kt and into the above equation (the 
latter follows from Lemma [5j) ■ 

Remark. The risk premium can alternatively be expressed in terms of the risk-neutral 
default intensity X^, using that = Aj(l + k^). The result is 

/ opost \ / ^pre \ 

l^f-n = <r,9t - f - M ( ^ - 1^ ) ^^^i^^*}- 

It is clear from the definition of ^f"*^ and ^f** that we always have .^f^*^ < The 
contribution to the equity risk premium coming from default risk therefore has the same 
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sign as S^^'^ — 5f°**. This quantity is minus the size of the jump in the stock price, were 
default to happen at time t. In particular, if the stock price jumps down at default, then 
the investors require a premium for holding the stock, as they want to be compensated for 
the loss incurred upon default. On the other hand, if the stock jumps up at default, then 
it becomes an attractive security to hold, and therefore the investors are willing to pay a 
premium for holding it. We will study the sign of the jump in more detail in Section [4j 
suffice it to say here that positive price jumps, while atypical, are indeed possible. 

There is an interesting relationship between the sensitivity of nt with respect to changes 
in the level of the dividend process, and the market price of diffusion risk. To state the 
result, first observe that the Markovian structure allows us to write 

Kt = K.{t, Dt) 

for some measurable function n{t,x). We now have 

Proposition 2 The function n is differentiable, and the derivative Kx = ff given by 

^post 



Kxit, Dt) ^- ^ - ^""'^ 



pre \ 



Proof. As for Kt, the Markovian structure allows us to write Q — CiiiDt) for i G 
{pre, post} and measurable functions x). As in the proof of Theorem [l] below, we may 



apply Theorem 6.1 in Janson and Tysk rt2006) to obtain the smoothness of and hence 



of K since k = — 1 by Proposition 1 Differentiating this relation yields 

^post I ^post ^P'^'^\ 



■X 



^pre I ^post ^pr 



Now, the volatility of a positive F adapted semimartingale of the form u{t,Dt) is given 
by ^{t, Dt)Dta^{Dt), as can be seen from Ito's formula. By Proposition [l| 6^ is equal to 
minus the volatility of which yields the result. ■ 
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Observe that is the size of the jump in 6, if default were to occur at time t. 

Proposition [2] shows in particular that if this quantity is positive, the default risk premium 
moves in the opposite direction to the dividend: an increase in the dividend process is 
accompanied by a decrease in the default risk premium, and vice versa. This appears to 
suggest that, upon default, a risk averse investor who sees an upward jump in the market 
price of risk, prefers to shift wealth from the risky stock to a default-free bond, giving a 
sure payoff of e at maturity. If, on the other hand, — Of^'^ is negative, the default risk 
premium moves in the same direction as the dividend. 

We proceed to study how the market price of risk 9t behaves at default. As we have just 
seen, this also provides information about the sensitivity of the default risk premium Kt to 
changes in Dt- The following result unfortunately requires us to assume constant interest 
rate and constant default intensity — already in this case the analysis is non-trivial (in 
particular it is much more delicate than for the jump in the stock price.) Extending it to 
more general r and A is an interesting problem that we leave for future research. 

Theorem 1 Assume that the interest rate and default intensity are constant. If the rep- 
resentative investor has a strictly decreasing absolute risk aversion, then the market price 
of risk has a nonnegative jump at r. 

The rest of this section is devoted to proving Theorem [l] First, let us introduce some 
notation. For each q > 0, define the function 

=E[U'{DT + a) I Dt = x]. 



Using, for instance. Theorem 6.1 in Janson and Tysk (2006), we deduce that u° satisfies 
the PDF 

uf + ^xV^(x)2<^ + xfi^{x)u° = 0, n"(r, x) = U'{x + a), 
where the subscripts denote partial derivatives. Standard results then imply that has 
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the same degree of smoothness as and on (0, T) x (0,oo), see e.g. Theorem 10 in 
Chapter 3 of Friedman ( 2008 ) . Since we assume that and //^ are infinitely differen- 



tiable, the same holds for ti". 

Proof of Theorem [T]. Due to Lemma [T] below, the theorem will be proved once we 
establish that the quantity 

d 

-^log u"(t,x) 



IS 



decreasing in a. This is done in two stages: Lemma [2] gives the result when D is 
bounded, and Lemma [3] then extends this to unbounded D. u 

Lemma 1 Assume that the interest rate and default intensity are constant. If 

u%{t,x) ^ ul{t,x) 



u^{t,x) u^{t,x) 

for all {t,x) G (0,r] x M+, then Mr > on {r < T}. 

Proof. It follows from ([s]) and the assumption of constant r and A that 



and 



The volatility of a positive F adapted semimartingale of the form u{t^ Dt) is given by 
^{t, Dt)Dta^{Dt), as can be seen from Ito's formula. By Proposition [l] and the above 
expressions for ^^'^^ and it then follows that 



npost _ u%{t, Dt ) ^ 
* ~ u^{t,Dt 



and 

* (1 - e-^(^-*))n^(t, Dt) + e-MT-t)ui{t, Dt) 



Qpre ^ (1 - e-^(^-*))n|(t, Dt) + e-^^^-'KUt, Dt) ^ 
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A calculation using that and n} are strictly positive reveals that 6^°^^ > 9^^'^ if and only 
if 

u%{t,Dt) ^ ul{t,Dt) 



The result now follows. ■ 

Lemma 2 Assume that the conditions of Theorem^are satisfied. Assume also that there 
is a constant C > such that a^{x) = and fJ^^ix) = for all x ^ (C~^, C). Then 

d 

-^logn"(t,x) 

is strictly decreasing in a. 

Proof. Define 5" = logu°. It can be readily verified that satisfies the terminal value 
problem 

+ Ix'a^ixfu",, + + ^xV^(x)2(S^)2 = 0, 

S"(T,x) =log?7'(x + a). 



Now define v° = —u" = logu", and differentiate the above equation with respect to 
X to see that satisfies the nonlinear PDE 



with terminal condition 



Let us pick f3 < a, and define w = — v" . We want to prove that w > 0. The function 
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w satisfies the terminal value problem 

wt + ^a{x)wxx + b(t, x)wx + c{t, x)w = (12) 

w{T, x) = iu{x + 13)- iu{x + a), 

where 

a{x) = xV^(x)2 
h{t,x) = xii^ix) + ^[xV^(x)2]^ - ]^x'^a^{xf{v^{t,x) + v^{t,x)) 
c{t,x) = [x/i°(x) - ^x''a''{xf{v''{t,x)+v^it,x))]^. 

Notice that w{T,x) > 0, as we are assuming that the coefficient of absolute risk aversion 
iu is strictly decreasing. Moreover, the coefficients a, h and c are smooth due to the 
smoothness of and vl^ . The latter functions are smooth since they are the 

derivatives of the logarithm of the infinitely differentiable functions and . 

Now, let X = {Xt){j<t<T be the solution to the SDE 

dXt = ^Ja{Xt)dBt + h{t, Xt)dt, Xo = Do. 

The smoothness of a and b implies that a unique strong solution exists up to an explosion 
time, but since (t^{x) = and ljP{x) = for all x ^ {C'~^,C), we have a{x) = and 
b{t, x) = there, so no explosion can occur. Indeed, C"^ < Xt < C holds for < t < T, 
almost surely. 

Next, define a process Y = (lt)o<t<r by 

Yt = e^o<''^^)'i'w{t,Xt). 
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Ito's formula and the fact that w satisfies (12) show that 



and since Xt remains in a compact set and a, c and Wx are continuous, the integrand 
in front of dBf is bounded. Therefore 1" is a martingale, and its final value is 1^ = 
g/o '^^^^^^)'^-'^w{T, Xt) > due to the boundary condition of w. We deduce that Yt > for 
every t almost surely, and hence that w > 0, as desired. ■ 

Lemma 3 Assume that the conditions of Theorem^ are satisfied. Then 

d 

-^log n"(t,x) 

is nonincreasing in a. 

Proof. Fix P > a. The goal is to show that —u'^/u°' > —Ux/u^. For each n S N, let 
/x" and cj" be infinitely differentiable and coincide with fi^ , respectively , on [n~^,n], 
while being zero outside the interval [(n + 1)~^, n + 1]. Denote by the solution to 

and define x) = K [U' {DJj^ + a) \ D" = x]. An application of Lemma [2] shows 

that 

Q,n p,n 
Ux Ux 
> 



It"'" W 



J3,n 



for each n. It thus suffices to prove that u"'" — )• and n°'" — t- pointwise. The 
latter follows from the former using interior Schauder estimates, for instance by apply- 



ing the corollary of Theorem 15 in Chapter 3 of Friedman (2008) on each subdomain 
[0,T) X (m^^,m), m > 2 (using the PDF representation of u°''"', and noticing that on 
each subdomain the coefficients of the parabolic operator associated to are Holder 
continuous, and x^cr"'(x)^ is bounded away from zero for all sufficiently large n.) 
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To prove that n°'"(t, x) u'^it, x), first note that n"'"(t, x)=E [U'{D'^_^ + a) \ DJ^ = x] 
and u"{t,x) = E {[/'{Dx-t + a) \ Dq = x] by the Markov property. Since U'{- + a) is 
bounded, the desired convergence follows from the Bounded Convergence Theorem if 
DJ^ ^ — )• Dx-t almost surely, with Dq = Dq = x. But this is clear: pathwise unique- 
ness and the construction of /x" and a"' imply that D and Z?" coincide on the event 

An = {n~^ < L>s < n for all < s < T - t}, 

so -DJ'-t = Dr-t'i-An + D'r-t^A'f^- Since F{An) — )• 1, -Dr-t ~^ Dx-t almost surely, and the 
proof is finished. ■ 

4 Equilibrium stock price 

In this section we are interested in how the market price of the stock changes when default 
occurs. If r < T, there may be a jump in the stock price at r. Under certain cyclicality 
assumptions on the default intensity and the interest rate, it turns out that the sign of 
the jump must be negative. On the other hand, in specific circumstances it can happen 
that the jump is positive. The following results gives the precise conditions. The proofs 
rely on a number of lemmas, which are stated and proved in Appendix [Bj 

Theorem 2 Assume that the interest rate is counter- cyclical, and that the representative 
investor has strictly decreasing absolute risk aversion, as well as relative risk aversion 
bounded by one. Define 

g{t,x)=E[e-f^^-''^\DT = x] and c/>(x) = 1 - (13) 

Then the following hold. 

(i) If (j){x)g{t,x) is strictly increasing in x for every < t < T , the stock price has a 
strictly positive jump at r. 



20 



(ii) If (f){x)g{t, x) is strictly decreasing in x for every < t < T , the stock price has a 
strictly negative jump at r. 

Proof. Equations ([s]), (10) and (11) show that the jump in the stock price is given 
by 



where 



ASr 



at at - bt 



ct ct - dt 



on {0 < r < T}, 



t=T 



(14) 



a* = E [DtU'{Dt + e) \ Ft] 

6t = E \e-^t>^^dujj^^^i^jj^ ^ ^) _ f^/p^ ^ I jr^ 

Q = E [e^t^'^"^"?7'(Z?T + e) I J'i 

= E ^^('■"-^")^«(C/'(L>T + e)- U'{Dt + 1)) I Tt^ . 

Using that ^f"^ = ct — dt and Sf°'^^ = — , elementary manipulations yields 



ASr 



/-pre 
^t 



Govt (^e- ^^'^''^{Dt), DtU' (Dt + e)^ 



t=T 



on {0 < r < T}, where Govt denotes J^t-conditional covariance, and (f) is defined in (13). 
It suffices to analyze the two covariances, since both ^f^^ and S'f''* are strictly positive. 
Let us fix t. By the Markov property of D (and using that rt = r[Dt) and = X{Dt)), 
we may without loss of generality assume that t = (and think of T as T — t), as long as 
the starting point > is allowed to be arbitrary. 

By conditioning on Dt, we find 

Gov(^e"^6^^"'^"</.(Z)T),^r^7'(L>T + e)) = Cow [g{DT)(t){DT), DtU' {Dt + e)^ 
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and 



Cov (^e- ^0 ^^'i^(j){DT),e^o ^^'^^U'iDr + e)^ = Coy [g{DT)(t){DT), f{DT)U' {Dt + e)) , 



where /(x) = E[e-^o \ Dq = x], and g{x) = g{0,x) is given in (13). Since r is counter- 
cyclical, / is decreasing by Lemma [6| and hence x i— )• f{x)U'{x + e) is also decreasing. 
Moreover, the function il){x) = xU'{x-\-e) has a derivative = U'{x + e) + xU"{x + £), 

which is strictly greater than zero if and only if 

xU"{x + e) x {x + £)U"{x + e) x 

^ ~ U'{x + e) " "^T^ U'{x + e) " ^^^^^'' + ^^- 

This is indeed the case since the relative risk aversion is less than or equal to one. Thus 
■0 is strictly increasing. 

Under the assumption of (i), g{x)(j){x) is strictly increasing, so the first covariance is 
strictly positive, while the second is strictly negative. This uses the fact that for posi- 
tive, strictly increasing functions hi and /i2, and any non-constant random variable X, 
Cov{hi{X), h2{X)) > 0, while if /i2 is strictly decreasing, Cov{hi{X), h2{X)) < 0. 

Under the assumption of (ii) that g{x)(j){x) is strictly decreasing, the situation reverses 
and the jump becomes strictly negative. ■ 

We also provide the following result, which shows that the stock price jump will be negative 
under more general conditions than those of Theorem [2j 

Theorem 3 Assume that the interest rate is counter- cyclical and the default intensity 
pro-cyclical. If the representative agent has strictly decreasing absolute risk aversion, then 
the stock price has a strictly negative jump at r. 



Proof. Let at, bt, ct and dt be as in the proof of Theorem [2| From Equation (14) we see 
that a sufficient condition for having a strictly negative jump is that atdt — btCt > for all 
t <T. As in the proof of Theorem [2] it suffices to consider t = 0. 
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By Lemma |8] and the cyclicality of r and A, we have 



E 



Therefore, with /(x) = E[ei'<r | L>r = a;] and g{x) = E[e- fo ^^'^'^ \ Dt = x], we obtain 
by conditioning on Dt that 

aodo - boco > E [U'{Dt + e)DT] E [f{DT)g{DT)U'{DT + e)<t){DT)\ 

- E [f{DT)U'{DT + e)] E [f{DT)U'{DT + e)Dr<A(I)r)] ■ 



Here 4'{x) is again given by (13). The derivative of (j) is 



</.'(x) 



u'{x + i) r 

U'(x + e) 



lu{x + l)-(.u{x + e) 



(15) 



which is strictly negative since the absolute risk aversion is assumed to be strictly decreas- 
ing. Therefore (j) is strictly decreasing. Moreover, by Lemma [8] and the cyclicality of r and 
A, the functions / and g are decreasing. They are also strictly positive. Hence 



xf{y)g{y)(p{y) - f{x)f{y)y<i){y)] + [yf{x)g{x)(p{x) - f{y)f{x)x(p{x) 



f{x)f{y) 



fix) fix) 



giy)(t>iy) -gix)<Pix)] > o 



for X ^ y. Observing that Dt has no atoms and U'{x + e) > 0, Lemma|9]then yields that 
aodo — ^oco > 0, as desired. ■ 

Naively one might expect the jump in the stock price always to be negative, for the 
following reason. The default event leads to an instantaneous drop in the aggregate wealth 
in the economy. If the representative investor has a decreasing absolute risk aversion, 
this should lead to a reduced demand for the risky asset (after default, the stock is the 
only risky asset). This in turn forces the stock price down so that market clearing is 
maintained. 
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Such an argument supposes that the stock price jump is exclusively a wealth effect. How- 
ever, when the default intensity is stochastic, there is also a "non-myopic" effect orig- 
inating from expected future co-movements of the default intensity and the dividend 
process. Specifically, if the default intensity is highly counter-cyclical, and the current 
(pre-default) value of the dividend process is low, then even a moderate expected future 
dividend increase is coupled with a dramatic future reduction in the default intensity. The 
representative investor, in anticipation of the reduced risk of default, may then wish to 
shift wealth to the defaultable bond. This causes a downward pressure on the stock price, 
pushing it below what would be its fundamental value, were there no defaultable bond in 
the economy. When the default occurs, this downward pressure vanishes, and the stock 
price jumps up. 

Of course, the same reasoning could be used for very high values of the dividend process to 
argue that the jump would be negative in these cases. Consistent with this observation, we 
have found that the function x i— )• (f>{x)g{t, x) appearing in Theorem [2] becomes decreasing 
for large values of x, even in examples where A is highly counter-cyclical. In such cases the 
price jump will still be (mostly) positive on simulated paths, if the probability is sufficiently 
small that Dt ever reaches the high levels where the function is decreasing. 

We end this section with a numerical case study to support the argument just made. 
Specifically, we assume that the dividend process in Equation ([T]) is a geometric Brownian 
motion, i.e. = fi and a^{x) = a. Using time reversal of diffusions, see Lemma 

in Appendix [BI we may write 
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- A(D„)dn 



Do = x 



g{x) = E 

where the process D satisfies the SDE 

dbt = Jl{t, bt)dt + abtdWt (16) 
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Figure 1: Plot of the function (j){x)g{x). 



with 



H{t,x) = -nx + -y^i--a y 



(17) 



We set n = —0.2, a = 0.3, Dq = 1^ r = 0.03, and use a strongly counter-cyclical default 
intensity given by A(x) = 9e~^. Further, we choose a logarithmic utility function given by 
U{x) = log(x). Under these choices of parameters, we estimated via Monte-Carlo simula- 
tion that at the default time the stock experiences a positive jump of size 0.001. 



We estimate g{x) via Monte-Carlo simulations using ( 16 ) and (17), and report the behavior 



of (f){x)g{x) in Figure [TJ We see that this function is initially increasing, and it only starts 
decreasing for sufficiently large values of a; (x > 9). However, the probability that the 
geometric Brownian motion with negative drift reaches those values before time T, given 
that it starts at 1, is extremely low. 



25 



5 Wealth processes 



The jump in an individual agent's wealth can be analyzed using the same techniques as for 
the stock price. Starting from Equations ([s]) and ([6]), and using Lemma |4] in Appendix [A| 
the wealth of the A;:th investor can be decomposed into a pre- and post-default term. The 
result is 



kt ' 



where 



^If = -^AU\Dt + e)h{y,U'{DT + e)) \ Ft] 



j-post 
St 



[l _ e-/*^^^^^) U'{Dt + e)h{yuU'{DT + e)) 
+ e-^t^^ds^'{DT + l)h{ykU'{DT + 1)) 



Ft 



The jump in wealth is then ^Wkr = W^"'^ - Wj^^" on {r < T}. The following result 
shows that the condition of Theorem [3] is also sufficient to ensure a negative jump in 
wealth. Unfortunately, the structure of the final value of the wealth process prevents us 
from obtaining a simple condition to guarantee a positive jump. (The reason is that, in 
contrast to the stock, WkT cannot be expressed as times an J^^-measurable random 
variable.) 

Theorem 4 Assume that the interest rate is counter- cyclical and the default intensity 
pro-cyclical. If the representative agent has strictly decreasing absolute risk aversion, then 
every agent's wealth process has a strictly negative jump at r. 

Proof. We consider the A;:th investor, so let us fix k. The proof follows along the same 
lines as that of Theorem [3j The jump in wealth is 

AWkr = "^-"^^ on {r<T}, (18) 

Ct ct - dt 

t=T 
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where 



all = ¥.[U'{DT + e)ik{DT + e)\Ft] 



hi = E 



Q = E 



e- !t ^^'^-{U'iDT + e)LkiDT + e) - U'{Dt + l)ik{DT + 1)) | 
g/,^(r„-A„)d«^f^/p^ + e) - U'{Dt + 1)) I -Ft 



and Lk{x) = IkiukU' {x)). As in the proof of Theorem [sj it suffices to prove that Ogdo 
6qCo > 0. To make the notation less cluttered we write D = Dt, R = Jq r^du, A 
Jq Xudu. As before, (f>{x) 
increasing. Hence 



1 — ^jT^lq^- Since both 1^ and U' are decreasing, is 



4do - 6gco > E [U'{D + e)ik{D + e)] E [e^~^U'{D + e)(t>{D)\ 

- E [e'^U'{D + e)ik{D + e)cp{D)\ E [e^U' {D + e)] . 

The cyclicality of r and A implies, via Lemma [81 that 



E[e^-^ I D\ > E[e" | D]E[e~'^ \ D]. 



R 



Therefore, with f{x) = E[e^ \ D = x] and g{x) = E[e ^ | D = x], we obtain by 
conditioning on D that 



4do - &oCo > E [U'{D + e)ik{D + e)] E + e)(/.p)] 

- E [giD)U'{D + e).fc(Z) + e)0(Z?)] E [/(L')C/'(D + e)] . 
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Now, the cyclicality of r and A together with Lemma [6] shows that / and g are decreasing. 
Since also / is strictly positive, cp is strictly decreasing, and ik is increasing, we have 



i^k{x + e)f{y)g{y)(j){y) - g{x)Lk{x + e)(j){x)f{y) 



+ [i^kiy + e)f{x)g{x)(j){x) - g{y)ik{y + e)(p{y)f{x)^ 
= f{x)f{y) {(t>{y)g{y) - (l){x)g{x)^ (/(^^''^^ + ^) - /(^''^'^^ + ^0 ^ ° 

for X y. The positivity of aodo — 6oCo now follows by Lemma [oj since U' {x + e) > and 
D has no atoms. ■ 



5.1 Jump sizes under power utility 



We now investigate how the size of the jump is affected by the risk aversion of the agents. 
For this, we assume that all agents in the economy have power utility with relative risk 
aversion 7^ G (0, 1]. That is, 

Uk{x) 



-I ) 
1 - 7fc 

which should be interpreted as Uk{x) = log(x) when 7^ = 1. We then have 



U'kix) = x ^'^ and Ik{y) = y 



-l/7fe 



The following result gives a condition under which a more risk averse investor will suffer 
a smaller jump in wealth than one who is less risk averse. 

Proposition 3 Assume that the interest rate is counter-cyclical and the default intensity 
pro-cyclical, and that the representative agent has strictly decreasing absolute risk aversion. 
Consider two agents k and i with "fk le- If 



E 



< 



E [U'{DT + ey-^/^i I 



(19) 
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for all <t <T, then 



AWkr 



Wkr^ 



< 



If X is constant, the statement remains true also in the case where both inequalities are 
reversed. 

Proof. Let a^, b^, ct, dt be as in the proof of Theorem|4j If jumps at t, we have 



AWkt ^ ct-dt fal _ n't - b't 
Wkt- a'f -bf V Cf Ct - dt 



Ct - dt at 
Ct - bl 



and this is negative by Theorem |4] (this is the only place where the counter-cychcahty of 
r is needed.) Hence 



Wkr- 



Ct - dt 



Ct \a 



H ~ "t 



4 - b'l 



and this is nonpositive if and only if afftj > 6f . As in the proof of Theorem [2] it is enough 
to consider t = 0. Let us define Uk = 1 — 1/^k and vi = l — l/'ji. The assumption of power 
utility implies that 

U'{x)h{ykU'{x))=y~'/'''U'{xr\ 



and hence, with D = Dt and A = Xsds, 



- E {e-^U\D + eY'\ E [[/'(£> + e] 
+ E \U'{p + eY^\ E {e-^\J'{p + \Y^\ 

- E {e-'^\J'(p + 1)'^'=] E + e 
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The result follows once we prove that the first difference inside the parentheses is nonneg- 
ative, i.e., 



E [U'{D + eY'] E [e'^U\D + ef^] > E [e-^U'{D + sY'] E [U'{D + sY"] , (20) 

where by conditioning on D we may replace by g{D) = E[e~^ | D]. Since ■jk ^ Je, 
we have (5 = t'fc — f£ > 0. Moreover, since U' and g are both decreasing (the latter due to 
Lemma [g] and the pro-cyclicality of A), we have that 

U'ix + EY'U'iy + eY' (y\y + ef - U' {x + ef) {g{y) - g{x)) > 0. 



Thus, it is enough to apply Lemma [s] to establish (20), which completes the proof for 
non-constant A. The last assertion is readily deduced upon noting that equality holds 



in (20) if A is constant. 



As a corollary we obtain that in an economy populated exclusively by investors with power 
utilities and logarithmic utilities, those with logarithmic utilities will suffer the smallest 
relative jump in wealth. 

Corollary 1 Assume that the interest rate is counter-cyclical and the default intensity 
constant, and that the representative agent has strictly decreasing absolute risk aversion. 
Consider two agents k and i. If 'Jk = 1, i-e. the k:th investor has log-utility, then 



Wkr- 



< 



AWer 



Proof. If A is constant and 7^ = 1, the inequality (19) reduces to 



E 



U'{Dt + 1)1-^/^'^ \Tt]>E \u'{Dt + eY''^/"" \ Tt 



This is satisfied since U' {xY ^^'^^ is increasing in x, so Proposition [3] applies. 
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5.2 Measures of Systemic Risk 



Based on the analysis done in the previous sections, we suggest two measures to quantify 
the amount of systemic risk at time t in our economy. These are given by 

Qpre Qpost 

~ Pt-e ■ 

Here /Sf^^ — S^°^* corresponds to the drop in the stock price, and — W^°^* to the 

drop in the wealth of the k:th investor, if default were to happen at time t. Note that 
the measures are positive if the drop is positive (the jump is downward). The measure gf 
measures the impact a default would have on the stock, under the scenario that a default 
is imminent. The measure, , instead, quantifies the impact that default would have 
on the aggregate wealth of the economy, under the same scenario. Both measures can be 
interpreted as the number of dollars lost by the stock (respectively by the portfolio of the 
"average" investor in the economy) for each dollar lost by the corporate bond at time t, 
in case default occurs at t. Notice that the two measures convey different information. 
While gf depends on the interplay between cyclicality properties of the default intensity 
and interest rate, and the risk aversion of the representative investor, g]^ also accounts for 
the aggregate level of risk aversion in the economy. We postpone the characterization of 
the dependence of these measures on the market and default risk parameters of our model 
for future research. 



6 Conclusions 

We have developed a novel framework where a stock and a defaultable bond interact en- 

dogenously through equilibrium mechanisms. Our market consists of a money market 
account, a stock, and a defaultable bond, which are related to each other only through 
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an underlying dividend process, whose dynamics is unaffected by tfie default event. The 
price processes of the stock and of the defaultable bond are determined endogenously in 
equiUbrium. Wc analyzed in detail the impact of the default event on the stock price, 
market price of risk, default risk premium, and investor wealth processes, as well as the 
relations between them. We found that the equilibrium price of the stock typically jumps 
at default. As the default event has no casual impact on the dividend process, this re- 
sults in a form of endogenous interaction between the stock and the defaultable bond. 
We have characterized the direction of the jump of the stock price at default in terms of 
investor preferences and cyclicality properties of the default intensity, showing that up- 
wards jumps are possible when the default intensity is sufficiently counter-cyclical. Under 
the assumption of pro-cyclical default intensity and counter-cyclical interest rate, we have 
shown that the wealth process of the representative investor jumps down upon default, 
and that power utility investors will suffer a smaller relative jump in wealth if they are 
more risk averse. Based on the analysis done in the paper, we have suggested two possible 
measures to quantify systemic risk. In the future, we would like to extend our results to an 
economy consisting of multiple defaultable securities, and analyze how default correlations 
and cyclicality properties of the model parameters impact the price of the securities and 
the aggregate wealth in the economy. 
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A Results relating to filtration expansion 



Theorem 5 (Martingale representation in G) For every square integrable G martin- 
gale N there are G predictable processes (at)o<t<T and {bt)o<t<T, such that 



E( / \a s\'^ ds] < oo, e( / |6spAsds ) < oo, 



and 



Nt = No+ [ QsdBs + / bsdMs 
Jo Jo 



Proof. This follows from Theorem 2.3 in Kusuoka (1999), since every F martingale 
remains a G martingale. ■ 

The following result is crucial in that it allows us to reduce ^(-conditional expectations to 
J-f-conditional expectations. This type of result is classical in credit risk modeling. 

Lemma 4 Let X = X^l^^yj'^+X'^l^^^^j'j, where X^ and X'^ are integrable J-t -measurable 
random variables. Then 



E[X I Qt] = l{r<t}^ [X^ I J^t] + l{r>t}IE [(1 - e-i'*^^='^^)x2 + e-ii'^^-^^Xi | 



Proof. First note that 

X = X^-l^,^Ty{X^-X^). 

Since Hypothesis (H) holds between F and G, any F martingale N satisfies E[A^7^ | Qt] = 
Nt = E[Nt I Tt]- Apply this with Nt = E[X'^ \ Tt], whose final value is Nt = X'^ since 
X"^ is Jr-measurable, to get E[X2 | Gt] = ElX"^ \ Tt]. Next, use the identity 

E[1{,>T}Y I Gt] = l{,>i}E[e-/*^^"'^"y I J^t], 
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which holds for T^j^-measurable and integrable Y, with Y = — X^. The claim now 
follows after some rearrangement. ■ 

Lemma 5 Let Xt = Xf^'^l^^^^y + Xf^^l^^^^y be a G semimartingale, where XP^'^ and 
j^post ^j,g continuous. Then 

dxt = i{r>t}dxr + Mr<t}dxr' + {xr' - ^r)rfi{.<o- (21) 

If X is a strictly positive with representation 

dXt 



Xt 



atdBt + btdMt + ctdt, 



then bt = {X["^^ / X[^^) — 1. If in addition X^'^^ and X^"^* have representations 



dX^ 

— — ^ = a\dBt + c\dt, 2 G {pre, post}, 
Xt 



,1 pre-, , post-, 

then at = a[ l{r>t} + < l{r<t}- 



Proof. The expression (21) follows from Ito's formula. Concerning the expression for bt. 



note that the continuity of X^*"*^ and X^"^^ implies that 

xt = Yt+ [\xr'-xr)dMt 

Jo 

for some continuous process y. Since fQ{Xi"^'^—Xi^'^)dMs = Xs-{{Xi'^^*^/Xi^'^) — l)dMs, 



the result follows. Finally, combining (21) with the assumed representation for X*""^ and 



dXt = l{,^t}XrardBt + l{r<t)Xr'ar'dBt + dYt, 

where is a stochastic integral with respect to dMt and dt only. The expression for at 
now follows, since l|^>t}Xf'"'^ = l^.^yt^^Xt- and l^^^i^X^"'^^ = l|^<t}Xt_. ■ 
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B Results relating to stochastic ordering and correlations 

Lemma 6 Let X = {Xt)o<t<T satisfy dXt = a(t, Xt)dBt + b{t, Xtjdt with a fixed starting 
point Xq, where we assume that 

(i) a{t,x) andb{t,x) are infinitely differentiable; 

(a) X is does not explode; 

(Hi) for each t > 0, Xf admits a density p{t,x) with continuous second derivatives. 
Let $ be an nondecreasing (nonincreasing) function of x. Then 



fix) = E e^o Xt = x 



is nondecreasing (nonincreasing) in x. 

Proof. The proof is based on time reversal of diffusions. Let Yt = X^-t- Then Xt = Yq 
and jQ<^{Xs)ds = ^{Ys)ds, so 

fix) =E[e^o'^^Ys)ds \Yo = x]. 



We wish to apply Theorem 2.1 in Haussmann and Pardoux (1986) to obtain the dynamics 



of the time-reversed process Y. The smoothness of pit, x) and the local Lipschitz property 
of a and b (which is guaranteed by their smoothness), together with condition (ii), imply 



that the assumptions of that theorem are satisfied; see Haussmann and Pardoux (1986), 
Remark 2.2 and Section 3. This yields 



dYt = ait,Yt)dBt + bit,Yt)dt, 



(22) 
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where 



b{t,x) = -b{T-t,x) + 
a{t, x) = air — t, x), 



[a{T -t,x)p{T -t,x% 
p{T-t,x) 



(23) 



and B is Brownian motion. The smoothness of p, a and b imphes that a and b are contin- 
uously differentiable on the interior of the support of X, and hence locally Lipschitz there. 
By localization we may assume they are globally Lipschitz, so that standard comparison 



theorems (see for instance Ikeda and Watanabe (1977)) become available. Specifically, if 



xi < X2 lie in the support of Xt, and denotes the solution to (22) started from Xi, we 



have P{Y^^ < Y^, < t < T) = 1 and hence /(xi) < f{x2) if ^ is nondecreasing. The 
case of nonincreasing <I> is deduced in the same manner. ■ 

Lemma 7 Let X be as in Lemma Suppose Fq, . . . ,Fn and Go, ... , G„ are all nonde- 
creasing (resp. all nonincreasing), nonnegative functions, and let < to < ■ ■ ■ < tn < T . 
Then 



fix) = E 



i=0 



Xt = x 



is nondecreasing (resp. nonincreasing), and we have 



E 



l[F,iXu)l[G,{Xu: 

.i=0 i=0 



Xx 



> E 



.i=0 



Xx 



E 



j[G^{Xt:, 



.4 = 



Xx 



Proof. We treat the nondecreasing case, the other one being similar. Consider again the 
time-reversed process Yt = Xx-t, and define time points Si = T — tn-i, i = I, . . . ,n and 
functions Fj = Gi = Gn-i- Then < sq < • • • < s„ < T, and we have 



fix)=E 



Yo = x 



li=0 
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The nondecreasing property of / can now be deduced as in the proof of Lemma [6} Con- 
cerning the inequality, we are done if we can prove that 



E 



U=o 



i=0 



> E 



.1=0 



E 



.i=0 



for any s < sq (take s = to recover the desired inequality.) This is achieved by induction 



similarly as in the proof of Lemma A. 4 in Cvitanic and Malamud (2010). Suppose the 



inequality holds for n — 1, n — 2, etc. Then by the Markov property of Y and the induction 
hypothesis, 



E 



llF^iYsjUdYs^ 



i=0 



i=0 



E 



> E 



Fo(Y,,)Go(Ys,)E 



llFdY,^)llG,iY,:^ 



i=l 



Fo{Ys,)F{Ys,)Go{Ys,)G{Y, 



i=l 



Y. 



So 



where F{x) = E[UtlF^iYsJ \ Y^, = x] and G(x) = E[lYl^,G,{YsJ \ Y^, = x]. 
These functions are nondecreasing by the first part of the lemma, so an application of the 
induction hypothesis with n = yields 



E 



llF,{Ys^)llG,iYsJ 



i=0 



Y, 



> E 



E 



Fo(y.o)F(n„ 

n 



i=0 



Y. 



Y, 



E 



E 



Go{Ys,)G{Y,,] 



Y 



.1=0 



Y 



as desired. It remains to establish the case n = 0; but this follows immediately from 



Lemma A. 3 in Cvitanic and Malamud (2010). 



Lemma 8 Let X be as in Lemma^ Let $ and ^ be nondecreasing (resp. nonincreasing) 
functions. Then 



E 



> E 



Xx 



E 



Xj' 
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Proof. Approximate e-^o ^i^s)ds g/^ ^{Xs)ds f^^^ below using functions of the form 
Fo(Xtg) • • • Fn{Xt„), then apply Lemma [7| and monotone convergence. ■ 

Lemma 9 Let f, g, G, h and H be measurable functions and define 

i'{x,y) = g{x)G{y) - h{x)H{y). 
If f{x) and ip{x, y) + ip{y, x) are nonnegative for all x and y, then 



E 



f{X)g{X) E f(,X)G{X) -E f{X)h{X) E f{X)H{X) 



> 



(24) 



for every random variable X for which the left side is well-defined. If f{x) > and 
ip{x, y) + ip{y^ x) > for x ^ y, and X has no atoms, the inequality is strict. 



Proof. Let X be an independent copy of X. The left side of (24) then equals 



E 



f{X)g{X)f{X)G{X) - f{X)h{X)f{X)H{X) =E f{X)f{X)^lj{X,X) 



and since X and X are exchangeable, it is also equal to 



E 



/(X)/(X)V(X,X) 



Adding the two expressions yields 



E 



f{X)f{X)U{X,X) + i^{X,X) 



which is nonnegative due to the assumptions on / and tjj. The statement concerning strict 
inequality is immediate. ■ 



Lemma 10 Assume that the dividend process is a geometric Brownian motion, i.e. dDt 
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fiDtdt + crDtdWt, Dq > 0. Then 



E 



-!^\(Du)du 



Dt = x 



E 



-!^\{b^)du 



Do = X 



(25) 



where the process D satisfies the SDE dDt = fj,{t,Dt)dt + aDtdWt, with 



fi{t,x) = 
a{t,x) = ax 



If 1 2 log(x/Do) 



(26) 



Proof. Define Dt = Dx-t- Then Dx = Dq and Jq X{Du) = Jq \{Du)du. Therefore, 



Eq. (25) holds. The smoothness of the transition density of Dt given by 



1 



y(TV27rt 



(log(i;/Do)-(n-0.5<T2)t) 



along with the local Lipschitz property of fj,x and ax, and the fact that the geometric 



Brownian motion is nonexplosive, allow applying Theorem 2.1 in Haussmann and Pardoux 



(1986). Using Eq. (23), we obtain the expressions in Eq. (26). 
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